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a b s t r a c t
We revisit the method of calculating the β-expansion of the Helmholtz free energy of any
one-dimensional (1D) Hamiltonian with invariance under space translations, presented in
[O. Rojas, S.M. de Souza,M.T. Thomaz, J.Math. Phys. 43 (2002) 1390], extending thismethod
to 1-D Hamiltonians that are invariant under translations along super-sites (sequences
of l sites). The method is applicable, for instance, to spin models and bosonic/fermionic
versions of Hubbard models, either quantum or classical. As an example, we focus on the
staggered spin-S Ising model in the presence of a longitudinal magnetic field, comparing
some of its thermodynamic functions to those of the standard Ising model. We show that
for arbitrary values of spin (S ∈ {1, 3/2, 2, . . .}) but distinct values of the coupling constant
and the magnetic field, the specific heat and the z-component of the staggered and usual
magnetizations can be well approximated by their respective thermodynamic function of
the spin-1/2 models in a suitable interval of temperature. These approximations are valid
for the standard Ising model as well as for the staggered model, the thermodynamics of
which are known exactly.
© 2011 Elsevier B.V.
1. Introduction
One-dimensional (1D) models have been originally considered as toy models for their mathematical properties, which
might help our understanding of models with higher spatial dimensions. It has been experimentally verified that, for certain
temperature intervals, some materials would behave like chains with negligible intrachain interaction [1]. In the past two
decades, the design andmanufacturing of newmaterials permitted the appearance of single chain magnets described by 1D
spin models with nanomagnetic behavior [2–5].
Beside the chain models, quasi-1D models such as the ladder and tetrahedral models appeared in several works during
the 80s [6–8]. Some of those models can be mapped on effective chain models that satisfy periodic spatial conditions [9,10].
Many quasi-1Dmodels, however, can bemapped on 1Dmodels in which periodicity is that of a sequence of sites, rather than
that of a single site, repeated throughout the chain.
The method presented in Ref. [11] allows the calculation of the exact coefficients of the β-expansion of the Helmholtz
free energy (HFE) of any 1D model, provided that its Hamiltonian is invariant under any discrete spatial translation,
Hi,i+1 = Hi+1,i+2, ∀i, (1)
and satisfies the periodic boundary condition. Our aim in this work is that of showing how the method can be extended to
chain models which are partially invariant under spatial translations, that is, which are invariant upon discrete translations
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of a set of l sites in a row,
Hi,i+1 = Hi+l,i+l+1, l ∈ {2, 3, . . .}, ∀i, (2)
rather than that of a single site. We will refer to such motif of l sites as the super-site of the chain. A nice feature of the
calculation of the β-expansions of thermodynamic functions is that of being faster than the transfer matrix [12] method,
although the latter provides exact curves for all temperatures. Moreover, the existence of analytic β-expansions opens
the possibility of employing different methods to extend their region of validity, e.g. the Padé approximants. In Section 2,
the extension of the method is described for chains with super-sites in which l ≥ 2. The β-expansion coefficients of the
HFE are expressed in terms of a 1D effective (dressed) Hamiltonian operator defined on the Hilbert spaces of the super-
sites. In Section 3, we apply the results of the previous section to calculate the β-expansion of 1D staggered spin-S Ising
model HFE. Several simplification rules, valid only for this model, can be implemented, thus reducing the computational
effort. In this manner, we are able to reach O

β12

in the aforementioned HFE calculation. The correctness of our result
is shown by comparing it to the expansion of the 1D spin-S Ising model in the presence of a longitudinal magnetic field,
calculated in Ref. [13]. In Section 4, the thermodynamics of the standard spin-S Ising model and its staggered version are
compared; it is also shown that, for both the standard and staggered Ising models, the specific heat of the arbitrary S case
can be approximatelymapped into the specific heat of the S = 1/2 case, upon a suitable spin-dependent renormalization of
the coupling constant, of the temperature and of the external magnetic field. The same holds true for the z-component of
the magnetization, upon a similar renormalization procedure. This is an important connection since the standard and the
staggered S = 1/2 Ising model are exactly solvable. Section 5 summarizes our results. In Appendix, the transfer matrix
method [12] is applied to the calculation of the exact HFE of the staggered spin-1/2 Ising model in the presence of a
longitudinal magnetic field.
2. The β-expansion of the HFE of 1D dressed Hamiltonian
In what follows, we briefly review the method of Ref. [11] to calculate the coefficients of the β-expansion of the HFE for
any translationally invariant chain model with nearest-neighbor interaction under a periodic boundary condition. Let H be
the 1D Hamiltonian
H =
N−
i=1
Hi,i+1, (3)
in which the index i runs over allN sites of the chain. Suppose the system has a full translational invariance, described by (1),
and satisfies the spatial periodic boundary condition HN,N+1 = HN,1. LetW(β) be the HFE associated with the Hamiltonian
(3). (For a survey of the method, please see Ref. [14].) The HFE can be written, in the thermodynamic limit, as
W(β) = − 1
β
[ln(tri(1i))+ ln(1+ ξ(β))] , (4)
in which 1i is the identity operator on Ei (the Hilbert space of the ith site), the dimension of which is given by the trace
tri(1i). We have β = 1kT , in which T is the absolute temperature and k is the Boltzmann constant.
The function ξ(β) is defined as
ξ(β) =
∞−
n=0
[
∂n
∂λn

(ϕ(λ))n+1
(n+ 1)!
] 
λ=1
, (5a)
in which
ϕ(λ) =
∞−
m=1
∞−
n=m
(−β)n
λm
H(n)1,m (5b)
and, in turn, the functions H(n)1,m, with 1 ≤ m ≤ n, are defined as
H(n)1,m =
n−
{ni}
′′

m∏
i=1
Hnii,i+1
ni!

g
. (6)
In the last expression,
∑′′n
{ni} indicates summation over them integer non-null indexes (n1, n2, . . . , nm) under the constraint∑m
i=1 ni = n. The ⟨. . .⟩g symbol (referred to as a g-trace) is a shorthand for
m∏
i=1
Hnii,i+1
ni!

g
≡ 1
n!
−
P

P (Hn11,2,H
n2
2,3, . . . ,H
nm
m,m+1)

, (7)
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Fig. 1. A spin chain showing the super-sites labeled as I , in which I ∈ {1, 2, . . . ,N}. The interaction between first super-neighbors is described by the
dressed Hamiltonian H˜I,I+1 .
in which P (Hn11,2,H
n2
2,3, . . . ,H
nm
m,m+1) represents a distinct permutation of the operator product H
n1
1,2H
n2
2,3 · · ·Hnmm,m+1, in
which m distinct operators {H1,2,H2,3, . . . ,Hm,m+1} take part. The symbol∑P denotes summation over all such distinct
permutations, and ⟨· · ·⟩ indicates a normalized trace, defined as
⟨P (Hn11,2,Hn22,3, . . . ,Hnmm,m+1)⟩ ≡
tr1,2,...,m+1[P (Hn11,2,Hn22,3, . . . ,Hnmm,m+1)]
tr1(11) · tr2(12) · · · trm(1m) · trm+1(1m+1) , (8)
inwhich tri is the trace over Ei (the Hilbert space of the ith site) and tr1,2,...,m+1 is the trace over E = E1⊗E2⊗· · ·⊗Em⊗Em+1
(the Hilbert space of the m + 1 neighboring sites). Due to invariance under spatial translations we have tri(1i) = tr1(11),
with i ∈ {1, 2, . . . ,N}.
Let us now consider a chain Hamiltonian H′ with first-neighbor interactions but not fully invariant under translations as
in (1); rather, let this Hamiltonian have a set of l sites which is repeated throughout the chain – a motif set which we will
call a super-site – so that interactions involve first-neighbor super-sites and are described by the Hamiltonian
H˜I,I+1 ≡
l−
α,β=1
Hα,βI,I+1, (9)
in which the indexes α, β run over the l internal sites of the super-site. Let N be the number of super-sites in the chain, so
that the total number of sites in the chain is (l ·N). The Hamiltonian H˜I,I+1 will be called a dressed Hamiltonian. Although the
system shows a partial translational invariance at the site level, described by (2), it is fully invariant under space translations
along the ‘‘superchain’’, i.e., the sequence of super-sites (see Fig. 1). We assume that this Hamiltonian satisfies the spatial
periodic boundary condition H˜N,N+1 = H˜N,1. Although the Hamiltonian
H′ =
N−
I=1
l−
α,β=1
Hα,βI,I+1, (10)
is not invariant under space translation along the chain with (l · N) sites, it is invariant under translations along the chain
of super-sites I ∈ {1, 2, . . . ,N}; it is eligible for the application of the method in Ref. [11]. The rest of this section describes
how this is done.
Rewriting the Hamiltonian H′ in terms of the dressed Hamiltonian H˜I,I+1 yields
H′ =
N−
I=1
H˜I,I+1; (11)
hence, the expressions of Ref. [11] can be applied directly to the chain of super-sites in order to calculate the β-expansion
of the HFE associated with H′. The only caution that must be taken is that the HFE relates to a chain with (l ·N) sites; hence,
Eq. (4) becomes
W ′(β) = − 1
l · β

ln(trI(1˜I))+ ln(1+ ξ(β))

, (12)
in which I ∈ {1, 2, . . . ,N} and 1˜I is the identity operator on the Ith super-site. Denoting the identity operator on the αth
site within the Ith super-site as 1(α)I , we may write 1˜I ≡ 1(1)I ⊗ 1(2)I ⊗ · · · ⊗ 1(l)I . Having i index the sites of the chain leads
us to i(I, α) = (I − 1)l+ α, in which I ∈ {1, 2, . . . ,N} and α ∈ {1, 2, . . . , l}, thus yielding i ∈ {1, 2, . . . , l.N}.
We evaluate trI(1˜I) in (12) as
trI(1˜I) =
l∏
α=1
tr(I)α (1
(α)
I ), I = 1, 2, . . . ,N. (13)
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The value of tr(I)α (1
(α)
I ) is equal to the dimension of the Hilbert space of the site (I, α). We leave open the possibility of having
Hilbert spaces with different dimensions in the internal sites α ∈ {1, 2, . . . , l} of each super-site. Letting tr(I)α (1(α)I ) = Dα ,
Eq. (13) becomes
trI(1˜I) =
l∏
α=1
Dα, (14)
for I ∈ {1, 2, . . . ,N}.
Eqs. (5a) and (5b) continue to define the functions ξ(β) and ϕ(λ), respectively, for the Hamiltonian H′. For the present
case, the functions H(n)1,m, with 1 ≤ m ≤ n, are
H(n)1,m =
n−
n1,n2,n3,...,nm=1
n1+n2+n3+···+nm=n
ni≠0, i=1,...,m

m∏
I=1
H˜nII,I+1
nI !

g
, 1 ≤ m ≤ n. (15)
The g-trace on the r.h.s. of Eq. (15) is defined in an analogous way to Eq. (7) with the Hamiltonian Hi,i+1 replaced by the
dressed Hamiltonian H˜I,I+1 (see its definition in Eq. (9)). Themeaning of the notationP (H˜
n1
1,2, H˜
n2
2,3, . . . , H˜
nm
m,m+1) is the same
as explained in the paragraph below Eq. (7).
The normalized traces in Eq. (15) are equal to
⟨P (H˜n11,2, H˜n22,3, . . . , H˜nmm,m+1)⟩ ≡
tr1,2,...,m+1[P (H˜n11,2, H˜n22,3, . . . , H˜nmm,m+1)]
tr1(1˜1) · tr2(1˜2) · · · trm(1˜m) · trm+1(1˜m+1)
. (16)
The traces are calculated over the super-sites I ∈ {1, 2, . . . ,m}. We can use Eq. (13) to rewrite those traces in terms of the
traces over the single sites i in the chain, using the relation i = i(I, α).
Let us stress the difference between calculating traces over the sites i(I, α) and over the super-sites I by examining the
following example. Let O(α1,α2)I be an operator defined on the two internal sites α1 and α2 of the super-site I . Then
trI

O
(α1,α2)
I

=
 l∏
α=1
α≠α1,α≠α2
Dα
 · tr(I)α1,α2 O(α1,α2)I  , (17)
in which
Dα = tr(I)α (1(α)I ). (18)
Eqs. (12)–(18) are valid for any dressed Hamiltonian (9) that describes a 1D model with first-neighbor super-site
interactions, invariant under space translation along the super-site chain and satisfying the periodic spatial condition,
namely, H˜N,N+1 = H˜N,1. Hence the method presented in Ref. [11] has been considerably extended in scope.
In a recent paper [13], we have rewritten the functionsH(n)1,m, with 1 ≤ m ≤ n, for a certain class of Hamiltonians; adapting
such discussion to dressed Hamiltonians, we will consider those of the form
H˜I,I+1 = P˜I,I+1 + Q˜I (19)
in which the operator Q˜I acts on the single Ith super-site, whereas P˜I,I+1 acts on the two neighboring Ith and (I + 1)th
super-sites.
The extra condition
trI(P˜I,I+1) = 0 (20)
should also hold true, besides the already mentioned necessary conditions on the Hamiltonian. In Ref. [13] we have shown
that for Hamiltonians satisfying such extra condition the following relations are valid.
(i) For 2 ≤ m < n:
H(n)1,m = H(1)1,1 × H(n−1)1,m−1 +
n−m+1
n1=2
n2,n3,...,nm=1
n1+n2+n3+···+nm=n
ni≠0, i=1,...,m

H˜n112
n1!
H˜n223
n2! · · ·
H˜nmm,m+1
nm!

g
. (21a)
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(ii) Form = n:
H(n)1,n = (H(1)1,1)n, n ∈ {1, 2, 3, . . .}. (21b)
(iii) Form = n− 1:
H(n)1,n−1 = H(1)1,1 × H(n−1)1,n−2 +
1
2! ⟨H˜
2
12 H˜23 · · · H˜n−1,n⟩g , n ∈ {2, 3, . . .}. (21c)
The relations (21a)–(21c) help optimizing the computational effort in calculating H(m)1,n by avoiding right away the
calculation of many null terms.
The present results are applicable to any 1D dressed Hamiltonian; for instance, spin models and bosonic/fermionic
versions of Hubbard models, either quantum or classical.
3. The method applied to the staggered arbitrary spin Ising model
The Hamiltonian of the staggered Ising model with arbitrary spin S in the presence of a longitudinal magnetic field is of
the form
H′S ≡
2N−
i=1

1′Szi S
z
i+1 − (−1)ih′Szi

, (22)
in which Szi is the z-component of the spin operator at the ith site S⃗i, with norm ‖S⃗i‖ = ‖S⃗‖ =
√
S(S + 1), S ∈ { 12 , 2, 32 , . . .}.
The exchange strength1′ is negative (positive) for the ferromagnetic (anti-ferromagnetic) model, and h′ is the norm of the
longitudinal magnetic field. The chain has (2N) sites.
The classical version of the Hamiltonian (22) is obtained by taking the limit S →∞. If we take this limit directly, though,
in the thermodynamic functions derived from Hamiltonian (22), it will diverge. In order to avoid this trivial divergence, we
work with the normalized version of the staggered spin-S Hamiltonian (22), that is,
Hs =
2N−
i=1

1szi s
z
i+1 − (−1)ihszi

, (23)
in which
s⃗ ≡ S⃗√
S(S + 1) , (24)
and S ∈ { 12 , 1, 32 , 2, . . .}; hence the spin operator s⃗ has unitary norm (i.e., ‖s⃗‖ = 1).
The Hamiltonians (22) and (23) are equal if
1 = S(S + 1)1′ and h = S(S + 1)h′. (25)
We use the following convention: S = 1/2 
 s = 1/2, S = 1 
 s = 1, etc.
LetWS(1′, h′;β) be the HFE derived from the Hamiltonian (22) and let ωs(1, h;β) be the HFE related to its normalized
version (23). These two HFEs satisfy the following relations:
WS(1, h;β) = ωs

S(S + 1)1,S(S + 1)h;β (26a)
= |1|ωs

S(S + 1) 1|1| ,

S(S + 1) h|1| ; |1|β

, (26b)
and
WS(1, h;β) = S(S + 1) ωs

1,
h√
S(S + 1) ; S(S + 1) β

(27a)
= S(S + 1) |1|ωs

1
|1| ,
1√
S(S + 1)
h
|1| ; S(S + 1) |1|β

. (27b)
The HFEs on the r.h.s. of Eqs. (26b) and (27b) are associated with the Hamiltonian (23) written in units of |1|.
In what follows, we describe the main steps to compute the β-expansion of the normalized HFE ωs(1, h;β) by the
application of the results of Section 2.
TheHamiltonian (23) is not invariant under arbitrary space translations.We relate the sites of the chain to their respective
super-sites (see Fig. 2),
2i− 1 
 (I = i, a) and 2i 
 (I = i, b), (28)
in which i ∈ {1, 2, . . . ,N}; a and b label the first and second sites of a super-site, respectively.
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Fig. 2. How odd and even sites of the chain relate to their respective super-sites: 2i− 1 
 (i, a) and 2i 
 (i, b).
The z-component of the super-operator szI is written in terms of the super-sites as
szI ≡

szI,a
szI,b

, I ∈ {1, 2, . . . ,N}. (29)
The dressed Hamiltonian H˜(s)I,I+1 of the normalized staggered spin-s Ising model is
H˜(s)I,I+1 = 1szI+1,aszI,b +1szI,aszI,b − h(−szI,a + szI,b), (30)
and has the same structure as (19), with
P˜(s)I,I+1 = 1szI+1,aszI,b (31a)
and
Q˜(s)I = 1szI,aszI,b − h(−szI,a + szI,b). (31b)
The operator (31a) satisfies the condition (20), that is, trI(1szI+1,as
z
I,b) = 0. The Hamiltonian (23) rewritten in terms of the
super-sites is
Hs =
N−
I=1
H˜(s)I,I+1. (32)
It is invariant under arbitrary space translations along the chain of super-sites and satisfies periodic space condition,
H˜(s)N,N+1 = H˜(s)N,1.
The results (12)–(18) are valid for the dressed Hamiltonian (30) with l = 2.
From Eq. (15), withm = 1, and (30) we obtain
H(1)1,1 = 0. (33)
For the staggered spin-s Ising model in the presence of a longitudinal magnetic field, the results (21a)–(21c) can be written
as follows.
(i) For 2 ≤ m < n:
H(n)1,m =
n−
n1=2
n2,n3,...,nm=1
n1+n2+n3+···+nm=n
ni≠0, i=1,...,m

(H˜(s)12 )
n1
n1!
(H˜(s)23 )
n2
n2! · · ·
(H˜(s)m,m+1)nm
nm!

g
. (34a)
(ii) Form = n,
H(n)1,n = 0, n ∈ {1, 2, 3, . . .}. (34b)
(iii) Form = n− 1,
H(n)1,n−1 =
1
2! ⟨(H˜
(s)
12 )
2 H˜(s)23 · · · H˜(s)n−1,n⟩g , n ∈ {2, 3, 4, . . .}. (34c)
Due to the explicit form of the Hamiltonian (30) the condition (20) is satisfied, that is,
trI(P˜
(s)
I,I+1) = 0, (35)
and we also have
trI+1(P˜(s)I,I+1) = 0, (36a)
trI(Q˜
(s)
I ) = 0 (36b)
and
trI(P˜
(s)
I−1,I P˜
(s)
I,I+1) = 0. (36c)
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A direct consequence of (36a)–(36c) is that
H(n)1,n−1 = 0, n ≥ 4. (37)
By calculating H(n)1,m explicitly for several values of m and applying (36a)–(36c), valid only for the models (23) and (22),
we obtain
H(n)1,n−q = 0, q ≤
n− 1
3
, (38)
with q ∈ Z+. This result permits us to eliminate right away a large number of terms that would not contribute to order βn
in the β-expansion of the HFE, thus reducing the computational effort. By using this simplification, we have reached order
β12 for the normalized model HFE ωs(1, h;β). This expansion is an even function of the magnetic field h; up to order β3, it
reads
ωs(1, h;β) = − ln (2 s+ 1)
β
+

−h
2
6
− 1
2
18

β − 1
9
β2h21+

1
360
h4
s (s+ 1) +
1
90
h212
s (s+ 1) −
7
135
h212
+ 2
675
14
s (s+ 1) +
1
180
h4 − 7
2700
14 − 1
5400
14
s2 (s+ 1)2

β3, (39)
in which s ∈ { 12 , 1, 32 , . . .}.
It iswell known that the transformations szi → (−1)iszi and1→−1 in theHamiltonian (23) yield the spin-s Isingmodel
in the presence of a longitudinal magnetic field. The reader is referred to the model presented in Ref. [13], with D = 0; in
that reference the expansion of the HFE of the normalized spin-s Isingmodel with a single anisotropy term,ωIsings (J, h,D;β),
is obtained up to order β17. By letting J = −1 and D = 0 in ωIsings , it can be shown that for arbitrary spin s and up to order
β12,
ωstags (1, h;β) = ωIsings (−1, h,D = 0;β), (40)
for arbitrary values of1, h and β , thus confirming that our results are correct.
In Appendix, the exact expression of the normalized staggered spin-1/2 Ising model in the presence of a longitudinal
magnetic field is derived. In the website http://www.proac.uff.br/mtt we maintain the data file of expansion (39) up to
order β17.
4. Thermodynamics of the normalized spin-s staggered Ising model
In this section,we compare the thermodynamics of the normalized spin-s versions of the Ising and staggered Isingmodels
in the presence of a longitudinal magnetic field. For that comparison, we use the HFE of the Isingmodel that can be obtained
up to order β17 from the results of Ref. [13] by taking D = 0. It has been verified in Section 3, up to order β12, that the HFE
high-temperature expansions of the staggered and standard Ising model are equal, for arbitrary (normalized) spin s, upon
the replacement1→−1.
Let ωIsings (1, h;β) and ωstags (1, h;β) be the HFEs of the standard and staggered normalized Ising models, respectively,
for arbitrary spin s. One is reminded that
ωstags (1, h;β) = ωIsings (−1, h;β), (41)
because of which the specific heat per site, cs(1, h;β) = −β2 ∂2∂β2 (βωs), must satisfy
cstags (1, h;β) = c Isings (−1, h;β). (42)
Figs. 3 and 4 show the specific heat functions for 1|1| = −1 and h|1| = 0.5 versus |1|β . Fig. 3 shows the specific
heat per site for s = 1/2 and the classical limit of the staggered and standard Ising models in the ferromagnetic case
1
|1| = −1

. For both Ising models, this thermodynamic function is a monotonically increasing function of the spin value
s ∈ { 12 , 1, 32 , . . . ,∞ (classic)}. For the ferromagnetic models, we obtain
c Isings

−1, h|1| ; |1|β

> cstags

−1, h|1| ; |1|β

. (43)
This inequality is also valid for the specific heat of the staggered spin-S Hamiltonian (22), and also for the non-normalized
version of the Ising model, obtained from (22) by replacing szi → (−1)iszi , in which i ∈ {1, 2, . . . , 2N} and1→−1.
The exact specific heat per site cstag1/2 (
1
|1| ,
h
|1| ; |1|β) is easily derived from the HFE (A.9) whereas the exact expression of
the c Ising1/2 (
1
|1| ,
h
|1| ; |1|β) is derived from the HFE of the spin-1/2 Ising model in Ref. [12]. For this reason, we calculate the
percent difference between cαs (1, h;β) and cα1/2(1, h;β), with α ∈ {Ising, stag},
1cαs (1, h;β) ≡ 100%×

cα1/2(1, h;β)− cαs (1, h;β)
cα1/2(1, h;β)

. (44)
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Fig. 3. Comparison of the specific heat per site of the normalized ferromagnetic models ( 1|1| = −1). The solid line corresponds to the longitudinal Ising
model and the dotted line to the staggered Ising model, both with spin-1/2; the dashed line corresponds to the classic longitudinal Ising model and the
long-dashed line to the classic staggered Ising model. For all curves, we have h|1| = 0.5.
Fig. 4. Some percent differences of the specific heat per site function. For the standard Ising model, the dotted line compares its s = 1 and s = 1/2 cases,
whereas the solid line compares its s = ∞ (classical) and s = 1/2 cases. For the staggered Ising model, the long-dashed line compares its s = 1 and
s = 1/2 cases, whereas the dashed line compares its s = ∞ (classical) and the s = 1/2 cases. For all curves, we have 1|1| = −1 and h|1| = 0.5.
Fig. 4 shows the function 1cαs (
1
|1| ,
h
|1| ; |1|β) for α ∈ {Ising, stag} for s = 1 and its classical version in the interval|1|β ∈ [0, 0.22], in which |1cαs | . 2.3% for s = 1 and∞ with α ∈ {Ising, stag}. The moduli of percent differences |1cαs |
are monotonically increasing functions of s. Therefore, for this interval of |1|β we have
cα1/2

−1, h|1| ; |1|β

≈ cαs

−1, h|1| ; |1|β

(45)
with h|1| ∈ [0, 0.5] and α ∈ {Ising, stag}. The approximate relation (45) can be written for the non-normalized specific
heat of the standard and staggered Ising models. In order to relate the specific heat of the normalized and non-normalized
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models we apply (26b) and (27b); from (26b) we obtain
cαs

1
|1| ,
h
|1| ; |1|β

= CαS

1
S(S + 1) ,
h√
S(S + 1) ;β

(46)
and from (27b) we have
cαs

1
|1| ,
h
|1| ; |1|β

= CαS

1,

S(S + 1) h; β
S(S + 1)

. (47)
First of all, we rewrite Eq. (45) using the relation (46), that is,
Cα1/2(1, h;β) ≈ CαS

31
4S(S + 1) ,

3
4S(S + 1) h;β

, (48)
1 < 0 and h|1| ∈

0, 1√
3

, at least, and α ∈ {Ising, stag}.
Eq. (48) shows that the specific heat of the spin-S model is well approximated by the specific heat of the spin-1/2 model
at the same temperature but for different values of the coupling constant 1 and different values of the magnetic field for
S ∈ {1, 32 , 2, . . .}.
Using Eq. (47) to rewrite (45), we obtain
Cα1/2(1, h;β) ≈ CαS

1,

4S(S + 1)
3
h; 3β
4S(S + 1)

, (49)
for S ∈ {1, 32 , 2, . . . ,∞(classical limit)}. Eq. (49) shows that the specific heat of the spin-S at temperature TS is very close
to the value this function has for the spin-1/2 model, but at another temperature T1/2 (so that TS > T1/2) and for a weaker
magnetic field.
The z-component of the normalized staggered magnetization, m(s,stag)z (1, h;β) = 12 [⟨sz2⟩ − ⟨sz1⟩], is given by m(s,stag)z =
− ∂
∂h

ω
stag
s

. We point out that the normalized z-component of the magnetization of the Ising model, m(s,Ising)z (1, h;β) =
− ∂
∂h

ω
Ising
s

, satisfies the relation
m(s,stag)z (1, h;β) = m(s,Ising)z (−1, h;β). (50)
Fig. 5 shows the staggered magnetization for s = 1 and for the classical limit of the staggered Ising model, as well as the
corresponding results for the standard Ising model. For all curves, we let 1|1| = −1, h|1| = 0.5 and |1|β ∈ [0, 1.1].
The functionsm(s,α)z ( 1|1| ,
h
|1| ; |1|β), α ∈ {stag, Ising}, are monotonically increasing functions of s. From Fig. 5, we have
m(s,Ising)z

−1, h|1| ; |1|β

> m(s,stag)z

−1, h|1| ; |1|β

, (51)
at least for |1|β ∈ [0, 1.1] and h|1| ∈ [0, 0.5]. This inequality is also true for the non-normalized functionsM(S,Ising)z (1, h;β)
andM(S,stag)z (1, h;β) for1 < 0.
The expression of m(1/2,stag)z (1, h;β) is easily derived from Eq. (A.9), and it is valid for the whole range of temperature
(T ∈ [0,∞)). The exact z-component of themagnetization of the spin-1/2 Isingmodel is calculated from its HFE in Ref. [12].
We define the percent difference of the z-component of the magnetizations,
1m(s,α)z (1, h;β) ≡ 100%×

m(1/2,α)z (1, h;β)−m(s,α)z (1, h;β)
m(1/2,α)z (1, h;β)

, (52)
where s ∈ {1, 32 , 2, . . .} and α ∈ {stag, Ising}.
Fig. 6 shows 1m(s,α)z ( 1|1| ,
h
|1| ; |1|β), for s = 1 and ∞ (classic) with 1|1| = −1 and h|1| = 0.5 in the interval |1|β ∈
[0, 0.4]. We verify that themoduli of percent differences are |1m(s,α)z | . 1.9%, with s = 1 and s →∞, and α ∈ {stag, Ising}.
For any other value of spin, we have m(1,α)z (−1, 0.5; |1|β) < m(s,α)z (−1, 0.5; |1|β) . m(∞,α)z (−1, 0.5; |1|β), in which
s ∈ { 32 , 2, 52 , . . .}, and α ∈ {stag, Ising}.
For |1|β ∈ [0, 0.4] and h|1| ∈ [0, 0.5], at least, we have
m(1/2,α)z

−1, h|1| ; |1|β

≈ m(s,α)z

−1, h|1| ; |1|β

. (53)
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Fig. 5. Comparison of the z component of the magnetization per site of the normalized ferromagnetic models ( 1|1| = −1). The solid line corresponds to
the longitudinal Ising model and the dotted line to the staggered Ising model, both with spin s = 1/2; the dashed line relates to the classical longitudinal
Ising model and the long-dashed line to the classical staggered Ising model. For all curves, we have h|1| = 0.5.
Fig. 6. Some percent differences of the z-component of the magnetization function. Comparison of the s = 1 and s = 1/2 cases are made for the Ising
model (dotted line) and the staggered Ising model (long-dashed line); comparison of the s = ∞ (classical) and s = 1/2 cases are made for the Ising model
(solid line) and for the staggered Ising model (dashed line). For all curves, we have h|1| = 0.5.
Using the result of Eq. (26b), we obtain
m(s,α)z

1
|1| ,
h
|1| ; |1|β

= 1√
S(S + 1) M
(S,α)
z

1
S(S + 1) ,
h√
S(S + 1) ;β

, (54)
with α ∈ {stag, Ising}, and s or S ∈ { 12 , 1, 32 , . . .}.
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The previous equality permits us to rewrite Eq. (53) as
1
√
3
2
M(1/2,α)z (1, h;β) ≈
1√
S(S + 1) M
(S,α)
z

31
4S(S + 1) ,

3
4S(S + 1) h;β

, (55)
for α ∈ {stag, Ising}, and S ∈ { 12 , 1, 32 , . . .}. This relates the z-component of the magnetization per norm of the spin for
S = 1/2 and for arbitrary values of the spin, taken at the same temperature but for different values of the coupling constant
1 and different values of the magnetic field.
The relation (27b) permits us to rewrite Eq. (53) as
1
√
3
2
M(1/2,α)z (1, h;β) ≈
1√
S(S + 1) M
(S,α)
z

1,

4S(S + 1)
3
h; 3β
4S(S + 1)

. (56)
This last approximation allows one to relate the behavior of the z-component of the magnetization of the Ising models with
arbitrary spin S to that of the spin-1/2 model but at lower temperatures and for weaker magnetic fields.
5. Conclusions
We have extended the scope of application of the cumulant method described in Ref. [11], which permits the exact
calculation of the coefficients in the β-expansion of the HFE of any periodic 1D Hamiltonian. Such extension now includes
1D models which do not have full translational invariance, but only partial translational invariance: a set of neighboring
sites (a super-site) is repeated throughout the chain, which is then periodic at the super-site level. The inner structure of a
super-site, however, does not necessarily have translational invariance.
The mathematical expressions of Ref. [11] are rewritten so that they can be employed in the calculation of the β-
expansion of the HFE of any such models. The β-expansions of the thermodynamic functions are easily derived from the
expansion of the HFE. The interval of temperature in which these expansions are valid can be further extended by other
methods, such as Padé approximants. The results of Section 2 can also be applied to the study of the thermodynamics of
models such as the diamond chains [15] and the ferrimagnetic Hubbard chain [16].
We have calculated the β-expansion of the HFE of the staggered spin-S Ising model in the presence of a longitudinal
magnetic field. Our expansions can be applied to the fitting of experimental data of materials modeled by the Hamiltonian
(22). It is worth to mention that the best values for the parameters {1′, h′, S} can be determined by such fitting and that,
differently from the transfermatrixmethod, one does not need to know in advance the spin value S of themodel. Themethod
presented here is, therefore, a faster approach to determine the best values of parameters, which can be used subsequently
as input data to the transfer matrix method, for the sake of extending the validity of the β-expansions to all temperatures.
Comparing the staggered and standard longitudinal Ising models [13], we show that for suitable intervals of |1|β the
specific heat and the z-component of the magnetization per site for arbitrary spin-S can be well approximated by their
respective spin-1/2 thermodynamic functions, but evaluated at different temperatures and magnetic fields. This is an
important result since the thermodynamics of both staggered and standard S = 1/2 Ising models are known exactly. The
fact that the respective functions have very close values for the spin-1/2 and for any value S of spin does not stem from the
fact that the HFE is a homogeneous function of its parameters, which yields Eqs. (26a), (26b), (27a) and (27b).
Finally, using the matrix transfer method [12] we have calculated the exact expression of the staggered spin-1/2 Ising
model in the presence of a longitudinal magnetic field. Our expansion of this function for S = 1/2, up to order β12, agrees
with the β-expansion of its exact solution up to this order in β .
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Appendix. The exact HFE of the staggered spin-1/2 Ising model
In what follows, we describe themain steps of the calculation of the exact HFE of the spin-1/2 Hamiltonian (22) using the
transfer matrix method [12]. Let Z1/2(1′, h′;β) be the partition function associated with the spin-1/2 Hamiltonian (22),
Z1/2(1
′, h′;β) = Tr
e−β 2N∑i=11′Szi Szi+1−(−1)ih′Szi 
 , (A.1)
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in which we have 2N sites in the chain. Considering the eigenstates of the operator Szj at each site, S
z
j |Sj⟩ = Sj|Sj⟩, with
Sj ∈ {−S,−S + 1, . . . , S − 1, S}, the previous partition function can be rewritten as
Z1/2(1
′, h′;β) = Tr VN , (A.2)
in which the elements of the matrix V are defined as
V(Si, Si+2) ≡
−
Si+1=±1/2

e−β(1
′SiSi+1+h′si) e−β(1
′Si+1Si+2−h′Si+1)

,
⇒ V =

e−
β1′
2 + eβ(1′2 +h′) 1+ eβh′
1+ e−βh′ e− β1
′
2 + eβ(1′2 −h′)

. (A.3)
Let λ1(1′, h′;β) and λ2(1′, h′;β) be the eigenvalues of V, so that λ1 > λ2. Expressed in terms of these eigenvalues, the
partition function (A.1) becomes
Z1/2(1
′, h′;β) = λN1

1+

λ2
λ1
N
. (A.4)
The HFE of the Hamiltonian (22) is then
W1/2(1
′, h′;β) = − lim
2N→∞
1
2N
1
β
ln

Z1/2(1
′, h′;β) . (A.5)
By substituting Eq. (A.4) on the r.h.s. of (A.5), in the thermodynamic limit (2N →∞), we obtain
W1/2(1
′, h′;β) = − 1
2β
ln

λ1(1
′, h′;β) . (A.6)
The highest eigenvalue of V is
λ1(1
′, h′;β) = e− β1
′
2 + e β1
′
2 cosh(βh′)+

eβ1′ sinh2(βh′)+ 2(1+ cosh(βh′)). (A.7)
Substituting (A.7) on the relation (A.6), we have the exact expression of the HFE of the non-normalized Hamiltonian (22).
By using the relation (26a), that is,
ωs(1, h;β) = Ws

1
S(S + 1) ,
h√
S(S + 1) ;β

, (A.8)
one obtains the exact HFE of the spin-1/2 of the normalized staggered spin-1/2 Isingmodel associatedwith the Hamiltonian
(23),
ω1/2(1, h;β) = − 12β ln

e−
2β1
3 + e 2β13 cosh

2√
3
βh

+

e
4β1
3 sinh2

2√
3
βh

+ 2

1+ cosh

2√
3
βh

. (A.9)
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